Abstract Let G be a finite group and
restriction map). If I(G) is a family of subgroups of G, let Ind M induced by induction and restriction, respectively, are bijective. Let S be a set consisting of the natural number 1 and some natural primes p, possibly none, such that p divides |G| := order of G. Let I(G) S = {H ⊂ G | ∃N H, N ∈ I(G), | H/N | = power of s, s ∈ S}. Let S denote the multiplicative subset of Z generated by 1 and all natural primes p such that p / ∈ S and p divides |G|. A Mackey functor M on G is called I(G)-hypercomputable if for all sets S as above, the functor
Let ((associative rings with identity)) w denote the category whose objects are all associative rings with identity, whose morphisms are all identity preserving ring homomorphisms between associative rings with identity, and whose weak morphisms (accounting for the superscript w above) are all group homomorphisms between associative rings with identity. A Green ring functor on G is a bifunctor F : Sub(G) −→ ((associative rings with identity)) w such that for any morphism i H,g,K ∈ Sub(G), F (i H,g,K ) is a morphism in ((associative rings with identity)) w and F (i H,g,K ) is a weak morphism in ((associative rings with identity)) w , F satisfies the Mackey subgroup property (in particular, F is a Mackey functor), and F satisfies the Frobenius reciprocity law [G, (1.3) 
The following theorem is dual to A. Dress' induction theorems [D, (1.2) and (1.7)]. A formulation of Dress' results, in the language of the present article is given in [B, (12.13) ]. Theorem 1.1. Let G be a finite group and I(G) a nonempty family of subgroups of G, which is closed under conjugation and taking subgroups of its members. Let F be a Green ring functor on G such that for each subgroup
The theorem above allows one to prove a result which could be called the Fundamental Theorem 1.2. Let G be a finite group and I(G) a nonempty family of subgroups of G, which is closed under conjugation and taking subgroups of its members. Let F be a Green ring functor on G such that for each subgroup H ⊂ G, every Z-torsion element of Ω F (H) is nilpotent. Then the following are equivalent:
is surjective.
Proof (1) ⇒ (2). (1) implies that the restriction homomorphism Res
injective. One checks easily that every subbifunctor of a Green ring functor is a Green ring functor. Hence, Ω F is a Green ring functor and by Theorem (1.1), Ω F is I(G)-hypercomputable.
(2) ⇒ (3). Since F is a Green module over Ω F and Ω F is I(G)-hypercomputable, it follows from Dress' result [D, (1.2)] (cf. [B, (12.13 )(a)]) that F is I(G)-computable. In particular, the restriction homomorphism Res
(3) ⇒ (4). (3) implies, as in the proof of (1) ⇒ (2), that the restriction homomorphism Res
injective. Thus, by Theorem (1.1), Ω F is I(G)-hypercomputable. Hence, as in the proof of (2) ⇒ (3), F is I(G)-hypercomputable. In particular, the induction homomorphism Ind
is surjective. Corollary 1.3. Let G be a finite group and I(G) a nonempty family of subgroups of G, which is closed under conjugation and taking subgroups of its members. Let F be a Green ring functor on G such that for each subgroup H ⊂ G, every Z-torsion element of Ω F (H) is nilpotent. Then if F is I(G)-hypercomputable, every submackey functor F ⊂ F and every quotient Mackey functor F of F is I(G)-hypercomputable.
Proof The important observation to make is that F and F are Green modules over Ω F (but not necessarily over F ). By the Fundamental Theorem (1.2), Ω F is I(G)-hypercomputable. Thus, by [D, (1.2)], F and F are I(G)-hypercomputable. Corollary 1.4. Let G be a finite group and I(G) a nonempty family of subgroups of G, which is closed under conjugation and taking subgroups of its members. Let F 0 , F 1 , . . . , F m be a sequence of Green ring functors on G such that for each i > 0, one of the following holds: (1) There is a natural transformation Suppose there is a natural transformation F −→ F as in (1). Then F is a Green module over F . Since
Suppose (2) holds. Then F is a Green module over Ω F and by (1.2),
Let F −→ F γ −→ F be an exact sequence as in (3). Let S and S be as in the definition of I(G)-hypercomputable. Consider the commutative diagram of short exact sequences.
By [D, (1.2)], it suffices to show that the induction map Ind
surjective. By assumption, the induction map Ind
and by (1.3), the induction map Ind
by the 5-Lemma, the induction map Ind
Let F −→ F γ −→ F be an exact sequence as in (4). Then one gets a commutative diagram as above and deduces as above that
The rest of this article is devoted to the proof of Theorem (1.1).
Proof of Theorem (1.1)
Throughout this section, G denotes a finite group and F a Green ring functor on G.
Definition 2.1. Let I(G) and R(G) be nonempty families of subgroups of G, which are closed under conjugation and taking subgroups of their members. I(G) is called relatively F -prime to R(G) if the 2-sided ideal image (Ind G I(G) F ) is relatively prime to the 2-sided ideal Ker(Res
Lemma 2.2. Let F be a Green ring functor on G which is a Green module over F . If I(G) is relatively F -prime to R(G) then I(G) is relatively Fprime to R(G).
Proposition 2.3. Let F be a Green ring functor on G. Let I(G) and R(G) be nonempty families of subgroups of G, which are closed under conjugation and taking subgroups of their members, such that I(G) is relatively F -prime to R(G). If F is a Green module over F and Ker(Res Let S(G) denote the set of all subgroups of G. If I ⊂ S(G) is closed under conjugation, let Conj(I) denote the set of conjugation classes (H) of elements H ∈ I. Give Conj(S(G)) the partial ordering defined by the rule (H) (K) ⇔ H is conjugate to a subgroup of K.
A nonempty, conjugate closed subset I(G) ⊂ S(G) is called initial if there is a good ordering (H 1 ), (H 2 ), . . . , (H r ) of Conj(S(G)) such that for some k, Conj(I(G)) = {(H 1 ), (H 2 ), . . . , (H k )}.
The next lemma characterizes initial families of subgroups of G.
is a unique element x ∈ Q ⊗ Z Ω(G) such that (Q ⊗ φ (H) )(x) = 1 for all H ∈ I(G) and (Q ⊗ φ (H) )(x) = 0 for all H / ∈ I(G). Since M(Q ⊗ φ) = M(φ) is a triangular matrix with nonzero diagonal entries and since Conj(I(G)) = {(H 1 ), (H 2 ), . . . , (H k )}, the element x above has the form k i=1 a i [G/H i ] for suitable rational numbers a i ∈ Q. Thus, x ∈ image (Ind G I(G) (Q⊗ Z Ω)). Q.E.D.
Proof Of Theorem 1.1. By Dress induction [D, (1.2) and (1.7)] (a formulation in the language of the present article is given in [B, (12. 13)]), it suffices to show that the induction map Ind G I(G) (Q ⊗ Z F ) is surjective. But, this follows immediately from (2.6), (2.3), and the fact that Q ⊗ Z F is a Green module over Q ⊗ Z Ω, because any Mackey functor, for example F , is a Green module over Ω. Q.E.D.
